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Abstract

In this note, we prove that for every integer d > 2 which is not a prime power, there exists a
finite solvable group G such that d | |G|, 7(G) = 7w (d) and G has no subgroup of order d.
We also introduce the CLT-degree of a finite group and answer two questions about it.
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1 Introduction

All groups considered in this note are finite. A group is said to be CLT if it possesses subgroups
of every possible order (that is, it satisfies the Converse of Lagrange’s Theorem) and non-CLT
otherwise. It is well-known that CLT groups are solvable (see [11]) and that supersolvable
groups are CLT (see [10]). Moreover, the inclusion between the classes of CLT groups and
solvable groups, as well as the inclusion between the classes of supersolvable groups and CLT
groups are proper (see, for example, [3]). Recall also the papers [1, 2, 13] which construct
non-CLT groups of order p®¢# with p, ¢ primes and «, § € N*.

The first starting point for our work is given by the smallest examples of non-CLT groups,
namely A4 and SL(2, 3). It is well-known that they have no subgroup of order 6 and 12,
respectively. This leads to the following natural question:

Given an integerd > 2, is it possible to construct a group

whose order is divisible byd, but having no subgroup of orderd?

Obviously, the answer to this question is "NO" if d is a prime power. So, in what follows
we will assume that d is a composite number and we will denote by 77 (d) the set of primes
dividing d. Also, for a finite group G we will denote 7(G) = 7 (|G]).

Our first result shows that the answer to the above question is "YES" for all composite
numbers d.
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Theorem 1.1 Forevery integer d > 2 which is not a prime power, there exists a finite solvable
group G such that d | |G|, n(G) = n(d) and G has no subgroup of order d.

The second starting point for our work is given by a question of Martino Garonzi on
MathOverflow [4]:
D(G

Is there a constant ¢ > 0 such that ( ) > c for any finite group G?
T

G
Here D(G) denotes the number of divisors d of |G| for which there exists a subgroup of
G of order d and 7(|G|) denotes the number of all divisors of |G|. Note that this question
remained unanswered for more than ten years.

It suggests to consider the function

D(G)
t(|G])’
which will be called the CLT-degree of G. Clearly, dcr7(G) measures the probability of

a finite group G to be CLT. It is easy to see that this new function satisfies the following
properties:

dcrr(G) =

0 < dcrr(G) < 1, for any finite group G. Moreover, dcr,7(G) = 1 if and only if G is

CLT.

— dcrr is multiplicative, that is dcr7(G1 X G2) = dcr7(G1)dcrT(G2), for any finite
groups G1, G2 of coprime orders.

— If N is a normal subgroup of G, then

(|G

dcrr(G/N) < deLT(G)~

~ If |G| = p' -+ pi* withk > 2, then
Zle ni+2
[Ty (i + 1)

Moreover, we have equality if and only if G has all proper subgroups of prime power
order. Such a group is either cyclic of order pg, where p and ¢ are distinct primes, or a
semidirect product C;l, x Cy, where Cy acts irreducibly on C;’,. Thus

dcrr(G) >

n+3

derr(C" % Cq = —
( L ) 2n+2
and, in particular, dcy7(A4) = 5

Let G be the class of all finite groups. Our second result is stated as follows.

Theorem 1.2 The set
Im(dcrt) = {dcr7(G) | G € G}

is dense in [0, 1].

Obviously, Theorem 1.2 gives a negative answer to Garonzi’s question.

Corollary 1.3 There is no constant ¢ > 0 such that % > ¢ for any finite group G.

We also infer that:
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Corollary 1.4 There is no constant ¢ < 1 such that dcpr(G) < c for any finite non-CLT
group G.

Note that an example of a family of finite non-CLT groups (G ), >1 withlim, o dcr7(Gr)
= 1 will be given at the end of Sect. 3.
Finally, we formulate a natural open problem related to our results.
Open problem Is it true that lim,,_, o dcp7(S,) = 0?
Note that we have
#iso(Sy) - #ces(Sy)
tn) — ()

where #iso(S;,) and #ccs(Sy,) denote the number of isomorphism/conjugacy classes of sub-
groups of S,, but we were not able to decide whether these ratios tend to O when n tends to
infinity.

Most of our notation is standard and will usually not be repeated here. For basic notions
and results on groups we refer the reader to [6, 7].

derr(Sy) <

2 Proof of Theorem 1.1

First of all, we present two auxiliary results. Recall that a Frobenius group N H with kernel
N and complement H can be characterized as a finite group that is a semidirect product
of a normal subgroup N by a subgroup H such that Cy(h) = 1 forevery h € H \ {1}.
An important example of such a group is the group AGL(1, g) = F,; x IF‘qX of affine linear
transformations of the finite field FF,,.

Lemma 2.1 ([5]) Let G be a Frobenius group with kernel N and K be a subgroup of G. Then
one of the following holds:

(1) K € N.
2) KNN=1.
(3) K is a Frobenius group with kernel N N K.

Lemma 2.2 [8] Let G be a Frobenius group with kernel N and complement H. Then |H| |
IN| —1.

We are now able to prove our first main result.

Proof of Theorem 1.1. We will proceed by induction on d. For d = 6 we can choose G = Ajy.
Now, let d > 6 and assume the statement to be true for every d’ < d. Letd = pi” e pZ" be
the decomposition of d as a product of distinct prime factors, where k > 2. We distinguish
the following two cases.

Caselk =2
Then d = p;”pgz_ Leta = expp;z (p1) and b = expprln (p2), where expplr_w,- (pj) is the
multiplicative order of p; modulo p:”. Then either a { ny or b t ny. Indeed, if @ | n; and
b | ny, then py* | p{' — 1 and p}' | p5*> — 1, implying that p5*> < p|' and p|' < p5?, a
contradiction.

Assume that a  n and let r be a positive integer such that (r — 1)a < n; < ra. Then the
Frobenius group

AGL(1, pi*) = C;‘I’ X Cpra_y

has no subgroup of order d. Indeed, if there is K < AGL(1, p{“) with |K| = d, then K must

be a Frobenius group with kernel of order p'l” and complement of order p;2 by Lemma 2.1.
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Then Lemma 2.2 leads to pgz | pi” — 1 and thus a | ny, a contradiction. Now, it is clear

n

that AGL(1, p{“) has a subgroup G of order p| p5*: this G is easily seen to be a group that
satisfies the desired conclusions with respect to d = p?' pgz.

Case2k >3
Letd =d/ pZ" . Then d’ is not a prime power and so there exists a finite solvable group G
suchthatd’ | |G|, 7(G1) = w(d") and G has no subgroup of orderd’. Let G = G| x Cp:k.

It follows that G is solvable, d | |G| and 7(G) = 7 (d). Moreover, G has no subgroup of
order d. Indeed, if H < G hasorderd =d’ - pZ" , then H possesses a subgroup Hj of order
d'. Since G is solvable, H; is contained in a Hall 7 (d")-subgroup of G, that is H; C Gj.
Thus G contains subgroups of order d’, a contradiction.

The proof of Theorem 1.1 is now complete. O

The following example is founded on the above proof.

Example 2.3 For d = 60 = 22.3.5, we have exps(3) = 21 1 = ny and therefore a finite
solvable group G such that 60 | |G|, 7 (G) = 7 (60) and G has no subgroup of order 60 is

SmallGroup(360, 123) = AGL(1,9) x Cs = (C3 x Cs) x Cs.

3 Proof of Theorem 1.2

The proof of Theorem 1.2 follows the same steps as the proof of Theorem 1.1 in [9]. It is
based on the next lemma which is a consequence of Proposition outlined on p. 863 of [12].

Lemma3.1 Let (x,),>1 be a sequence of positive real numbers such that lim, o x, = 0
and Y 02| xy is divergent. Then the set containing the sums of all finite subsequences of
(Xp)n>1 is dense in [0, 00).

We will also need the following lemma.
Lemma 3.2 Let p, g be two primes such that q is odd and q | p + 1, and let
2
Ghy=(ChnCp)xCpnzo0.
Then

3n+5
d Gl )=——.
crr (G, ) 16
Proof 1t is easy to check that GI;J, q has subgroups of all possible orders except p - ¢"t'. O
We are now able to prove our second main result.

Proof of Theorem 1.2. Let I = {ny, ..., nx} C N and let gy, ..., gx be distinct odd primes. By
Dirichlet’s theorem, we can choose distinct primes pj, ..., pr such that ¢; | p; + 1, for all
i =1, ..., k. We remark that these primes can be chosen such that

{thl}m{pj’(’Zj} :@7 for all i 751

Since dc 7 is multiplicative, Lemma 3.2 shows that

k k

) 3n; +5

ser (e ) -T2
i=1 i=1
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and so

3n+5
A= H3n+6‘1cN,|I| <oo} C Im(dcrr).

nel

Thus it suffices to prove that A is dense in [0, 1].

Consider the sequence (x,),>1 C (0, 00), where x, = ln(gﬁg). Clearly, lim,,_, oo x, = 0.
We have
. Xn 1
lim = =73
n—oo L 3

n

Therefore, since the series ) -, % is divergent, we deduce that the series ), .| X, is also

divergent. So, all hypotheses of Lemma 3.1 are satisfied, implying that

oL

nel

I C N* |I| <oop =[0, 00).

This means

3n+6
In I CcN* |I| <00y =0, 00
Q}HS)’ 1| [0, o)

or equivalently

3n+6 .
[1_[3n+5‘ICN ,|I|<oo}=[1,oo).
nel

Then

3 5

[T22 cneir < oof = 0.1
3n+6

nel

and consequently B
A =10,1].

The proof of Theorem 1.2 is now complete. O

Finally, we note that for fixed p, ¢, the above groups (G, ,)n>0 are non-CLT and satisfy
lim, .00 dcrT (G’Z,, q) = 1, providing a direct proof of Corollary 1.4.

Acknowledgements The author is grateful to the reviewer for remarks which improve the previous version
of the paper.
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